Stability about cosmological background solutions to the bi-metric Hassan-Rosen theory is studied. The results of this analysis are presented, and it is shown that a large class of cosmological backgrounds is classically unstable. This sets serious doubts on the physical viability of the Hassan-Rosen theory -and in turn also of the de Rham-Gadabaze-Tolley model, to which the mentioned theory is parent. A way to overcome this instability by means of curvature-type deformations is discussed.
Stability -To check for stability or instability, respectively, one has to expand the fields f and g about certain backgrounds which are consistent with the action (1) . Then one studies how the perturbations evolve.
To this end we expand f and g about the backgrounds f (0) and g (0) , respectively, f ≡ f (0) + δf , g ≡ g (0) + δg ,
and define the matrix θ via θ 2 ≡ g −1 (0) f (0) , which appears in the whole interaction term in (1) , and allows to express f (0) through g (0) via f (0) = g (0) θ 2 . In the cosmologically-relevant case, the background g (0) of the fluctuation δg (to which our matter sector is coupled to) is homogeneous and isotropic, and shall assume the Friedmann-Lemaître-Robertson-Walker form
where a is the scale factor, being normalized such that it equals one today. Then, demanding spatial homogeneity and isotropy for f (0) as well, i.e. the same SO(3) symmetry, and assuming the same spatial curvature as for g (0) , leads (up to time reparametrizations) to
yielding θ = diag |α|, |β|, |β|, |β| .
Hence, the functions α = α(a) and β = β(a) parametrize the deviation of the two backgrounds. In general they are not independent, as the Bianchi identity together with the conservation of energy yields (c.f. Ref. [8] )
The Friedmann equations determine the function β(a). In general, it is given by a root of a quartic polynominal. However, for the choice of β 3 = 0 (c.f. the comment on the end of the previous section), this equation is only cubic in β. Let ρ be the energy density of the Universe and set ρ := ρ/3m 2 M 2 g . Then one finds
The corresponding three solutions to Eq. (8) show a quite different behavior (c.f. Fig. 1 ). In fact, in the limit of small scale factor one of them diverges, while two approach zero. The latter solutions implie that those terms (involving powers of δf µν ), that are contracted with the inverse metric f −1 (0) , have prefactors that strongly grow (and eventually diverge in the limit of vanishing scale factor) the stronger the higher their order is. Actually, as we will see below, fluctuations become of order one already at some moderately small value of a. Moreover, one of the solutions has a zero-crossing of α(a) (c.f. Fig. 1 ), which makes θ(a) non-analytic -a particularity which also concerns the solutions for the fluctuations (see below).
Let us now come to the general cosmological case, as discussed in Ref. [8] . Assuming a spatially-flat Universe, one can show that the Friedmann equation takes the form (H/H 0 ) 2 = Ω+Ω β ≡ (Ω r +Ω m +Ω Λ )+Ω β , wherein Ω r,m,Λ denote the density parameters for radiation, matter, and a cosmological constant, respectively. As usual we define H :=ȧ/a, Ω := ρ/3H 
. We demand that β(a = 1) = 1 in order to have that the density parameter Ω equals one today, i.e. Ω(a = 1) = 1, being suggested by cmb observations [21] .
By performing distance-related tests using cosmological data, it has been shown by the authors of Ref. [8] that it is possible to choose the above parameters such that a realistic cosmological background can be obtained. Unfortunately, this has been done only for a very limited range of red shifts, and is purely on the background level.
For the sake of studying stability, the standard way is to perform a decomposition of the fluctuations δg and δf into irreducible tensors with respect to the isometries of the Friedmann backgrounds. In this way, and on the linear level, one can study the rank-2,1,0 SO(3)-tensor contributions separately. Often, the scalar sector is the most (in)stability-indicative one. Precisely the same results can, however, be obtained in the following way: As we are interested in studying stability of the homogeneous backgrounds, it suffices to look at the fluctuations' zero modes. Then, it is easy to show that the metrics' off-diagonal spatial components (i = j) can be solved for separately, and are invariant with respect to timereparametrizations.
After expanding the action (1) to second order in the fluctuations, we find for i = j the set of coupled field equations
wherein a prime denotes a derivative with regard to the scale factor a, and the quantities a i , b i , c i are given by
with t being cosmic time, and τ := H 0 dt(a)/da. Defining
one can express the system (9a,b) as
wherin the matrix A is composed of the coefficients a i , b i , c i . Stability of the above system (12) depends upon the behavior of the real parts of the eigenvalues of A.
Analyzing (numerically) precisely those real parts shows (c.f. Fig. 2) , first of all, that the undeformed theory (i.e. zero interactions) is stable (dashed lines in the lower panel of Fig. 2 ). For the deformed theory one observes that there is always (i.e. for all three solutions to Eq. (8)) at least one eigenvalues which diverge towards +∞ if a goes to zero. More precisely, for a → 0 it diverges much faster than 1/a, yielding an exponential divergence of the associated mode. Furthermore, the solution to Eq. (8) for which α(a) and β(a) grow for small a (and hence does not imply that higher-order terms in the expansion of the action (1) become more and more important as a becomes smaller (c.f. remark on the previous page)) and which has a zero-crossing, diverges at some finite value a = a . The divergence is such that it grows towards −∞ for (a − a) → 0 + . We should stress that all parameters within the physically-relevant intervals (as given in Ref. [8] )
yield the same qualitative behavior. In all those cases the scale factor at which the theory is non-analytic, a , is far larger than its value at recombination. On the other hand, it is smaller than the value up to which super-novae data have been analyzed in [8] . Exactly the same holds true for the value at which fluctuations become of order one, a nl (see below). Choosing
we find that both a nl and a are O(0.1) (c.f. Figs. 2 & 3) . (14)). Fig . 3 shows the full solution to the system (9a,b). It can be seen (exemplary for the parameter set (14) , and certain initial conditions) how the (absolute values of the) relative fluctuations behave as a function of the scale factor a. One can read off the aforementioned instability from the solid lines, describing one particular realization of the deformed theory. In contrast, the undeformed theory (dashed lines) is well-behaved.
One also observes the same unphysical backward instability as in Refs. [12] , implying that the set-up is merely self-protected, where the notion of 'self-protection' refers to the breakdown of the linear approximation, i.e., the formation of a new background, such that no unitarity violation can be seen within this approximation.
We checked that the instability occurs for all cosmologically-allowed parameters out of the intervals (13) (for the present case of no matter coupling to f , as discussed in Ref. [8] ). On top of that, it is independent of the precise details of the initial conditions. [23] Let us finally come to one particularly interesting case, which is constituted by the limit
Therefor the f -field is frozen into its background value, which may be taken to be Minkowskian due to the lack of respective matter couplings (c.f. Eq. (1)). Performing analogous studies as above reveals the same mentioned backward instability -the figure corresponding to Fig. 3 looks qualitatively the same in this respect. Since, now, there is only one dynamical metric (albeit with a particular deformation term) we can easily use a modified version of the stability analysis performed in Ref. [13] . This tantamounts to study -after introduction of Stückelberg fields -the roots of the determinant of the full kinetic operator, from which bounds for stability and unitarity can be directly read off.
Explicitly, and following Ref. [13] , one introduces Stückelberg fields as
Here, h, A, Φ are rank-2,1,0 tensors, respectively, under full background diffeomorphisms; round brackets around indices stand for symmetrization. This parametrization corresponds to two successive Stückelberg completions and introduces a U (1) 4 × U (1) gauge symmetry among the fields h, A, Φ.
The task is now to supplement the linearized action (1) with a 'healthy' deformation term, such that the theory respects realistic cosmological backgrounds, i.e. those FLRW ones as in Eq. (5a) which are in agreement with observations.
The Goldstone-Stückelberg field Φ enters the gaugeinvariant combination δg with two derivatives and, therefore, a priori any modified quadric action with four derivatives. Without further restriction, the short distance behavior of the deformation would be governed by a higher-derivative theory that violates unitarity. In order to avoid pathological four-derivative terms, and to second adiabatic order (given by the number of derivatives acting on the background metric) one can show that the unique way of proper covariantization is given by adding to the Lagrangian curvature-type deformations of the form
Here, a subscript 0 indicates a g 0 -background quantity, α, β, γ are real dimensionless parameters, and square brackets around indices stand for anti-symmetrization. Including terms of higher adiabatic order requires introducing further parameters with appropriate inverse mass dimension to compensate for the additional derivatives acting on g 0 .
The stability analysis only requires to determine the roots of the determinant of the kinetic operator of the new action, which signal the saturation of the stability or unitarity bounds [12] , respectively. Crossing the first bound indicates the breakdown of the linear approximation and the formation of a new background. Crossing the latter indicates an inconsistency, as it means that the system looses its probabilistic interpretation.
In order to calculate the determinant of that kinetic operator it is useful to completely fix the gauge to h 0µ = 0 and A 0 = 0. Then, unitary violation is indicated by the zero crossing of the coefficient in front of the highest power in the temporal component of the momentum. Classical stability is determined by the zero crossing of the coefficient in front of the highest power in the spatial components of the momentum. Fig. 4 shows a respective (in)stability parameter plot (β-γ plane), exemplary for α = 0, β 2 = −0.4 and M = 1. One observes, in particular, two things: First, the case of α = β = γ = 0 (which corresponds to the original model) is classically unstable, albeit it does not violate unitarity (as expected), and provides an independent confirmation of the aforementioned instability. Second, there exists parameter values (being of order one) such that the linear theory is truly stable.
However, this necessarily involves curvature extensions (c.f. Eq. (16)). For the full model in which both metrics (spin-two fields) are dynamical, the situation seems problematic due to inevitable kinematic modifications. We will devote a future publication to such an analysis.
Summary & Outlook -Let us summarize: Starting from the general bi-metric model (1), using the general phenomenologically-viable parameters intervals (13) (given in Ref. [8] ) that allow for cosmological backgrounds, and expanding the action to second order in the fluctuations about these backgrounds, one finds that the theory under consideration is classically unstable.
We confirmed (for a special case) our results with an independent analysis method (introduced in Ref. [13] ), and were able to show -by appropriate supplementation with the curvature-type deformation terms (16) -that the theory (with one metric being frozen) can be made stable on the linear level.
The full non-linear bi-metric theory -which is background independent -might, however, not allow to cure the aforementioned instabilities in the described way. This is so because the curvature terms will, then, be applied on dynamical metric(s) and not only on the background metric(s). Terms like, e.g.,
. . , must occur in front of the potential term in order to generate the mentioned background curvature terms. This necessarily involves kinetic modifications, also in the tensor sector, in such a way that ghosts are difficult, if not impossible, to avoid. So, also in the light of recent acausality concerns [17] , it might very well be that nature prefers undeformed and massless gravity.
